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TH-2 STRENGTH OF MATERIALS 
 

 

Nameof theCourse:DiplomainMech/Auto/Aero&OtherMechanicalAllied Branches 

Coursecode:  Semester 3rd 

TotalPeriod: 60 Examination 3hrs 

Theoryperiods: 4P/W I.A TEST 20 

Maximummarks: 100 End SemesterExamination: 80 

 

A. RATIONALE: 

 

Strength ofmaterial dealswith the internal behaviors of solid bodies under the action ofexternal force. 

The subject focuses on mechanical properties of material analysis of stress, strain and deformations. 

Thereforeit is animportant basicsubject of students for Mechanicaland Automobile Engg. 

 

B. COURSEOBJECTIVES: 

 

Studentswill developabilitytowards 

 Determination of stress,strain underuniaxial loading(due tostaticorimpact load 

andtemperature) in simple and single core composite bars. 

 Determination of stress, strain and change in geometrical parameters of cylindrical and 

sphericalshells due to pressure 

 Realizationofshearstressbesidesnormalstressandcomputationofresultantstress intwo 

dimensional objects. 

 Drawing bending moment and shear force diagramand locating points ina beam where 

the effect is maximum or minimum. 

 Determination ofbendingstressandtorsionalshearstressinsimple cases 

 Understandingofcriticalloadinslender columns thus realizingcombined effect of 

axial and bending load. 

 

C. CHAPTERWISEDISTRIBUTIONOFPERIODS 

 

Sl.No. Topic Periods 

01 SimpleStress&Strain 10 

02 Thincylindricalandsphericalshellunderinternalpressure 08 

03 Twodimensional stresssystems 10 

04 Bendingmoment&shearforce 10 

05 Theoryofsimplebending 10 

06 Combineddirect&Bendingstresses 06 

07 Torsion 06 
 Total Period: 60 
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D. COURSECONTENTS 

 

Simplestress& strain 

Types ofload, stresses &strains,(Axial andtangential) Hooke’s 

law, Young’s modulus, bulk modulus, modulus of rigidity, 

Poisson’s ratio, derive the relation between three elastic 

constants, 

Principle of super position, stresses incompositesection 

Temperature stress, determine the temperature stress in 
composite bar(single core) 

Strain energyand resilience, Stress dueto graduallyapplied, 

suddenlyapplied and impact load 

Simpleproblemsonabove. 

 
 

 

Thincylinderand sphericalshellunderinternalpressure 

Definition of hoop and longitudinal stress, strain 

Derivation ofhoopstress, longitudinalstress, hoopstrain, 

longitudinal strain and volumetric strain 

Computation ofthechangeinlength, diameter and volume Simple 

problemson above 

 

Two dimensionalstresssystems 

Determinationof normalstress, shear stress andresultant stress on 

obliqueplane 

Location of principal plane and computation of principal stress 

Location of principal planeandcomputation of principal stress and 

Maximum shear stress using Mohr’s circle 

 

 

Bendingmoment&shearforce 

Typesofbeamandload 

ConceptsofShearforceandbendingmoment 

Shear Forceand Bending moment diagramand its salient features 

illustration in cantilever beam, simply supported beam and over 

hangingbeam under point load and uniformly distributed load 

 

Theoryofsimplebending 

Assumptionsinthetheoryofbending, 

Bending equation, Moment of resistance, Section modulus& neutralaxis. 

Solve simple problems. 

 

 

Combineddirect &bendingstresses 

Definecolumn 

Axialload,Eccentricloadoncolumn, 
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Direct stresses, Bendingstresses, Maximum& Minimumstresses. 

Numerical problems on above. 

Bucklingload computationusing Euler’s formula (no derivation) in 

Columns with various end conditions 

 

7.0 Torsion 

Assumptionofpuretorsion 

Thetorsionequationforsolidandhollowcircularshaft 

Comparison betweensolid andhollowshaftsubjectedto puretorsion 

 

Syllabustobecoveredupto I.A - Chapters1,2,3&4 

 
Learning resources: 

 

 

Sl.No. Author Titleofthebook Publisher 

01 SRamamrutham Strengthof Materials DhanpatRai 

02 RKRajput Strengthof Materials S.Chand 

03 R.Skhurmi Strengthof Materials S.Chand 

04 GHRyder Strengthof Materials Mcmillonandco.lmtd 

05 STimoshenkoandDH 

Young 

Strengthof Materials TMH 
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MET-301STRENGTHOFMATERIAL 

 

 

 
 

CHAPTER1.0 
 

 
-Types 

ofLoad 

 
SIMPLESTRESSANDSTRAIN 

Loadisanexternalforce.Hydraulicforce,steampressure,tensileforce,compressive force, 

shearforce,springforceanddifferenttypesofload.Againloadmaybeclassifiedasliveload,dead load. 

Definition 

Strengthofmaterialisthestudyofthebehaviourofstructuralandmachinemembersunder 

theactionofexternalloads,takingintoaccounttheinternalforcescreatedandresultingdeformation. 

Typesof load 

The simplest type of load (P) is a direct pull or push, known technically as tension or 

compression. X 

P P 

X 

P P 

If a member is in motion the load may be caused partly by dynamic or inertia forces. For 

instance,theconnecting Rodof areciprocating engine, load ona flywheel. 

STRESS 

Definition 

TheForcetransmittedacrossanysection,dividedbytheareaofthatsection,iscalledintensity of 

stress or stress. 
X

 

P P 
 

 

P  A A 

Where A 

X 

-Stress 

P-Load 

A-Area 

A-Internalforcesofcohesion 

Directstress(Tensile/compressive) 

Stresses which are normal to the plane on which they act are called direct stresses 

andeither tensile or compressive. 

Unit-N/m2 

STRAIN 

Stainisameasureofthemeasureofthedeformationproducedinthememberbytheload. If arod 

of length Lis intension and the elongationproduced isL,thenthedirect 

Elongation 
strain=

Originallength 
X

 

L 

Tensilestrainwillbepositivecompressivestrainwillbenegative. 



 

 
Hooke’sLaw 

Thisstatesthatstrainisproportionaltothestressproducing it. 

Amaterialissaidtobeelasticifallthedeformationsareproportionaltotheload. 

Principleofsuperposition 

Itstatesthattheresultantstrainwillbethesumoftheindividualstrainscausedbyeachload 

actingseparately. 

Young’sModules 

WithinthelimitsforwhichHooke’slawisobeyed,theratioofthedirectstress tothe strain 
 

produced iscalled young’smodulesorthe modulesof Elasticity,i.e. E= E=  

Forabarofuniformcross-sectionAandlengthLthiscanbewrittenasE=
PL

 
 

 

 

 

or
PL

X
 

 
TangentialStress 

AX AE 

Iftheappliedloadpersistsoftwoequalandoppositeparallelforcesnotinthesameline,then there is 

a tendency for one part of the body to slide over or shear from the other part across any 

sectionLM. 

 
 

 
P 

 


P 

A 

P 

Areaofgrosssection is 

parallel to load 

Shearstressistangentialtotheareaoverwhichitacts. 

Everyshearstressisaccompaniedbyanequalcomplementaryshear stress. 

ShearStrain 
 
 
 
 

 

The shear strain or slide is, and can bedefined as the change in the right angle. It is 

measured in radians. 

Modulesofrigidity 

Forelasticmaterialshearstrainisproportionaltotheshearstress. 

Ratio
ShearStress

ModulesofrigidityShearStrain 

RatioG


N/mm2
 

L M 



) 



1 1 

 

 
Stressesincompositesection 

 

Anytensileorcompressivememberwhichconsistsoftwoormorebarsortubesinparallel, usually 

of different materials in called compound bars. 

Analysis 

AcompoundbarismadeupofarodofareaA,andmodulesE1andatubeofequallengthof 
areaA2andmodulesE2.IfacompressiveloadPisapplied tothecompoundbarfindhowtheload 
isshared.Sincetheroadandtubeareofthesameinitiallengthandmustremaintogetherthenthe strain 
ineach part mustbe the same. The totalload carried isP andlet ifbe shared W1and W2, 

12 ,L1=L2 

compatibilityequation:
W1

A1E1 

 
W1 

A2E2 

Equilibriumequation:W1+W2=P 

Substituting,W= AE 
2 2xW 

2 AE 1 
1 1 

from(i)&(ii)givenW(1
A2E2)P or 

 

1 

 
 PA E   

A1 E 1 

W1 A E A E 
1 1 2 2 

ThenW  PA2E2  

2 A E A E 
1 1 2 2 

Example 

A compositebar is made up of a brass rod of25mdiameter enclosed in a steel tube, being 

co-axialof40mmexternaldiametersand 30mminternaldiameterasshownbelow.Theyare securely 

fixedateachend.Ifthestressinbrassandsteelarenottoexceed70MPaand120MParespectively find the 

load (P) the composite barcan safely carry. 

 

 
P P 

 
 500mm  

Alsofindthechangeinlength,ifthecompositebaris500mmlong.TakeEforsteelTubeas 200 GPa 

and brass rod as80 GPa respectively. 

DataGiven 

Letsteeltubedenotedas1andbrassroddenotedas2 d10= 

40mm E1 = 200GPa 

d1i = 30mm E2=80GPa 

d2 = 25mm 

1=120MPa W1-Loadcarriedbytube 

1=70MPa W2-Loadcarriedbyrod. 



P P 

 

 
Fromcompatibilityequation: 

W1


A1E1 

W2 

A2E2 

A


(d
2
d

2
)


(40
2
30

2
) 

1 4 1O 1i 4 

A1500mm
2
 

andA 


25
2

4491mm
2
2 

Nowputtinginequation(1) 

W 550x200 
 

Wx 
1 2 491x80 

W12.8W2 

W11A1120x55066000N 

andW
W1

66000
2357N 

2 2.8 2.8 

Fromequlibriumequation 

PW1W2 

66000235789.57KW(Ans)Change 

inlength 

   
W

11 
66000x500 0.3mm 

1 2 

 
Poisson’sRatio 

 
 

A1E1 550x200 x10
3
 

 
ratio. 

Theratiobetweenlateralstraintothelinerstrainisaconstantwhichisknownaspoisson’s 

 

Thesymbolis‘’. 

BulkModules 
 

When a body is subjected to three mutually perpendicular stresses of equal intensity the 

ratio of directstress to the corresponding volumetric strain is knownas bulk modules. 

P 

Fig.K 
P
 

V/V 

P-hydrostatic pressure 

(-)-negativesigntakingaccountofthereductioninvolume. 



2 

2 

2 

2 

2 

2 

 

 
RelationbetweenKandE 

Theabovefigurerepresentsaunitcubeof materialundertheaction ofauniformpressureP. 

Itisclearthattheprinciplestressesare-P,-Pand-Pandthelinearstrainineachdirectionis 

-P/E+P/E+P/E= 
P

(1-2) 

A 

Butweknow 

Volumetricstrain=sumoflinearstrain 
 

BydefinationK 
P

 
V/V 

 

 
orK 

 

 
orK 


 P  

3P
(1

 2)
E 

 
E 

3(12) 

 

orE=3K(1-2) 

RelationbetweenEandG 
 
 
 
 
 

 

A 
 

 

It is necessary first of all to establish the relation between a pure shear and pure normal 

stress system at a point in an elastic material. 

In the above figure the applied stresses are tensile on AB and compressive on BC. If the 

stress components on a plane AC at 450to AB areandThen the forces acting are asshown taking 

the area onAC as units. 

ResolvingalongandatrightangletoAC 
 

 


Sin45


Cos45

and 


Cos45


Sin450 

 
Soapureshearonplanesat450toABandBC. 


C 



450 
B 



D G C 

tan 

 
 
 

 

 

A 
E B 

 
 

 
H F  

 
 
 
 

 

 
This figure shows a square element ABCD, sides of unstrained length 2 units under the 

action of equalnormalstresses, tension & compression. then it hasbeen shown that the element 

EFGH isin pure shear of equal magnitude . 

LinerstrainindirectionEG= Say


(1) 


E E E 
 

LinerstrainindirectionH F 

E E 

HencethestrainedlengthsofEOandHOareI+ andI-respectively. 

Theshearstrain  
G 

ononeelementEFGHandtheangleEHGwillincreasebyto andangleEHO= 





4 42 
E0 

ConsideringthetriangletanEHO=  
H0 

tan(



)

1
4  

2 1
tan 

1
tan 4 2 

 
 

1 1



 
tan... tan  

4 2 
1  

 

 2

1


2 




 

2 

(1)





2G 

thenrearrangingE=2G(1+) 

by removing,E   
9GK 

G3K 





 

 
Temperaturestress 

Determinationoftemperaturestressincompositebar(singlecore). 

TemperaturestressesinCompositeBar 

If a compound bar made up of several materials is subjected to a change in temperature 

therewillbetendencyforthecomponentspartstoexpanddifferentamountsduetotheunequalco- 

efficientofthermalexpansion.Ifthepartsareconstrainedtoremaintogetherthentheactualchange 

inlengthmustbethesameforeach.Thischange istheresultantof theeffectsduetotemperature and 

stresses condition. 

Nowlet1=Stressinbrass 

1=Straininbrass 

1= Coefficient of liner expausion for brass 

A1 = Cross sectional area of brass bar 

and 2, 2, 2,A2=Correspondingvaluesforsteel. 

=Actualstrainofthecompositebarperunitlength. 

Ascompressiveloadonthebrassinequaltothetensileloadonthesteel,therefore 

1.A1= 2.A2 

straininbrass 1= 1t- 

2= - 2t2 

1+2= 1t1+ 2t2=t(12)1 

 

Thermalstressesinsimplebar 

LetL=originallengthofthebody 

t=Increaseintemperature 

=Coefficientoflinerexpansion. 

Weknowthattheincreaseinlengthduetoincreaseoftemperature 

LLt 


L


L t

t
L 

L 

StressE 

Example-1 

Analuminiumalloybarfixedatitsbothendsisheatedthrough20Kfindthestressdeveloped 

inthebar.Take modulesof elasticityandcoefficientof linearexpansion forthebarmaterialas80 GPa 

and 24 X 10-- 6/K respectively. 

DataGiven 

t=20K 

E=80GPa=80X103N/mm2
 

=24X10--6/K 



 s 

2 

 

 
Solution 

Thenthethermalstress 

ttE24x106x20x80x103
 

384Nmm2.384/mPa . 

Example-2 

A flat steel bar 200mm X 20mm X 8mm is placed between two aluminium bars 200mm X 

20mm X 6mm. So as to form a composite bar. All the three bars are fastened together at room 

temperature.Findthestressesineachbarwherethetemperatureofthewholeassemblyinraised 

through500c,AssumeE=200GPa,E=80GPa,s12x106/0c,a24x106/0c 
s a 

Datagiven 
 
 
 

 

t=500c,Es=200GPa=200x103N/mm2a=80

GPa = 80 x 103N/mm2
 

60 -60 
αs=12x10 

Solution 

/c,α=a24x10 /c 

As=20x8=160mm2
 

Aa=2x20x6 =240mm2
 

Aa 240 
xA xA1.5AAs 

160 

s
s 

s 

s 200x103 

a
a 

a 

a 80x10
3
 

sat(as) 

  s 
 

 a80200x10
3 

 
x10

3
 

50(24x10
6

12x10
6

) 

or ,
1.5a

 a802

00x103
x10 3 

50x12x106 

a30N/mm
2
30MPa 

a1.5a1.5x30=45N/ 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

mm45MPa 



suddenlyappliedload 

 
 

1.4. Strain energy resilience stress due to gradually applied load, 

and compact load. 

P 

 
Load 

 

 

 
StrainEnergy 

X 

Extension 

Thestrainenergy(U)ofthebarisdefinedastheworkdonebytheloadinstrainit. 

Foragraduallyappliedloadorstaticloadtheworkdoneisrepresentedbytheshadedareain 

abovefigure. 

1 
U= P.X 2 

1σ 
U=σA L 

2 E 


1

σ2AL
1σ 

Vol. 

2E 2E 

Resilience 

Thestrainenergyperunitvolumeusuallycalledasresilienceinsimpletensionorcompression 

2 

is
2E

. 

Proofresilience 

Itisthevalueattheelasticlimitorattheproofstressfornon-ferrousmaterials. 

StrainenergyisalwaysapositivequantityandbeingworkunitswillbeexpressedasNm(i.e. joules) 

Example1 

Calculatethe strainenergyofthe bolt as shownbelow under atensile loadof10KN.Show 

thatthestrainenergyisincreasedforthesamemaxstressbyturningdownthesameof theboltto the root 

diameterof the turned, E=20500 N/mm2 

DataGiven 
 
 
 
 

 
P=10KN,E=205,000 N/mm2 

Solution 

Itisanormalpracticetoassumethattheloadisdistributedeventsoverthecore. 

A16.62217mm2
 

c4 

Stressinscrewedportion=
P


10,000
46N/mm2217 

Ac 

P 

Stressinshank= 
C 


10,000

31.8N/mm2
 

 
 

202
 

4 

( 

(
(
 

50mm 
25mm 

166mm 20mm 

A 



 
 

 

TotalstrainEnergy= 

 
Ifturnedto16.6mm 

1 
 

 

2x205000 
(462x210x2531.82x314x50)67N/mm2 

S.E 
1
 

2x205000 
(462x217x75)84N/mm 

Impactload 
 
 
 
 
 
 
 
 

 
Supposing a weight W falls through a height ‘h’ on to ‘a’ collar attached to one end of a 

uniformbar,theotherendbeing fined.Thenanextensionwillbecaused whichisgreaterthanthat due to 

oneapplicationof the sameload gradually applied. 

LetXisthemaximumextension,setupandthecorrespondingstrainis. 

LetPbetheequivalentstaticloadwhichwouldproducedthesameextensionX. 

Thenthestrainenergyatthisinstant=E1
1

() 

E 1 2 

orE1
Pd

(2)4t1E 

NeglectinglossofenergyatcompactlossofPEofweight=Gainofstrainenergy. 

w(hx)
1
 Px 

2 

orw(h
PL

)
1

P2L/AE 
AE 2 

RearrangingandmultiplyingthroughAE/L 

P2/2WPWhAE/L0 

Solvinganddiscardingthenegativeroot 

PW

W[112hAE/WL]From 

whichX
PL

,
P
 canbefound 
AE A 

Whenh0,P2W 

i.e. the stress produced by a suddenly applied load is twice the static stress. Ex- Referring 

figure-1, let a mass of 100Kg falls 4cmon to a collarattached to a barof 2 cmdia, 3mmlong find 

max stress, E= 205,000N/mm2 


P


W[1A 
A 


9811

,
0

[1
0



134N/mm2 

12hAE/WL] 

12x40x100x205000] 

981x3x1000 

W22WGAE/L 

L AreaA 

 
W 

G 

X 



 

 

CHAPTER2.0.  
THINCYLINDERAND 

SPHERICALSHELLUNDER 

INTERNAL PRESSURE 

Definitionofhoopstress 

Bysymmetrythethreeprincipalstressesintheshellwillbethe 

(i) circumferentialorhoopstress 

(ii) longitudinalstress 

(iii) radialstress. 

Thincylinder: 

If the ratio of thickness to internal diamer is less than about 1/20, then the hoop stress and 

longitudinal stress are constant over the thickness and the radial stress is small and can be 

neglected. 

2.2Hoopstressorcircumferentialstress derivation 
 

 

1) 
 
 
 
 
 
 
 
 
 

 
1 

Letd - internal diameterl - 

length of cylindert - 

thickness 

p-pressure 

considertheequilibriumofahalfcylinderoflengthL. 

section through a diameteralplane, 1actsonanarea2tLandtheresultantverticalpressure 

force is found from the projected area horizontal dx L 

Equatingforces 

1x2xtL=P xdxL 

=
PD 

12t 

hoopstressinatensilestressactscircumferentiallyonthecylinder. 

 
Longitudinalstress 2Derivation 

 
 
 
 

 

2) 
 
 
 

 

Considertheequilibriumofasectioncutbyatransverseplane,2actsonanarea 2,dt 

(dshouldbethemaindiameter)andpactsonaprojectedareaof d2
equatingtheforces. 

( 

t 

P 

L 

d 
1 

P 
( 



4 





 

 
Equatingtheforces 
xdt 2

 

Px d 
2 

4
 

Whatevertheactualshapeoftheend 

i.e.
Pd

 
2 4t 

Incaseoflongcylinderortubesthisstressmaybeneglected. 

 
Thinsphericalshellunderinternalpressurederivation 

Againtheradialstresswillbeneglectedandthecircumferentialorhoopstresswillbe neglected 

andbysymmetrythetwoprincipalstressesareequal,infactthestressinanytangentialdirection is equal 

to . 

 

 

 

 

d-internaldiameter 
 
 
 
 

 
Fromabovefigureitisseenthat 

 
dtP 

d24 

i.e.
Pd

 

4t 

Volumetricstrain 
 

 

1 
 
 

 

(2) (2) 

 
 
 
 

1 

HoopStrain 


1

() 
1E 1 2 

or 
Pd

(2) 
1 4t1E 

LongitudinalStrain 

 1() 
2 E 2 1 

t 

P 



 

 
VolumetricStrainoncapacity 

Thecapacityofacylinder d2LIfthedimensionisincreasedbydandL,thevolumetricstrain 
4 

 


(dd)(LL)d2L 

d2L 


[d2Ld2L2d.dL2d.d.Ld2Ld2Ld2L]d2L 

(d2L2d.dL) /d2L 

2.d/dL/L 

2xdiameteralstrainlongitudinalstrain 

2xhoopstrainlongitudinalstrain 

 
Changeinvolume=(21+2)volume 

Forsphericalshell,volumestrain=3xhoopstrain Change 

in diameter =1.d 

Changeinlength=2.L 

Example–1 

Agascylinderofinternaldiameter40mmis5mmthick,ifthetensilestressinthematerialis 

nottoexceed 30 MPa, find the maximumpressurewhichcan be allowed inthe cylinder. 

Datagiven 

D=40mm,t=5m 

1=30MPa=30N/mm2 

Solution 
 

weknow,
Pd

 
12t 

or,30
Px40

 

2x5 

P7.5MPa 
 

Example–2 

A cylindricalthin drum80mmdiameterand 4mlong is made 10mmthick plates. If the drum is 

subjected to an internalpressure of 2.5MPadetermine its changes is diameter and length. E = 

200GPa. 

Data given 

d = 80 mm 

L = 4m 

T=10mm 

P= 2.5N/mm2 

E=200x103N/mm2 



 

 
Solution 

 

ε
Pd

(2) 
14tE 

 

ε1



2.5x800 
(20.25) 

4x10x200x103 
2.5x8002 

 
 

dε1xd
4x200x10

3x1.75 

0.35mm(Ans) 

Changeinlength 

Pd 
1
) 

 ( 
 

22tE2 

Lε 2L 

 
 
 ()2t
E 2 


2.5x800x4x1034(

1
0.25)2 

x10x 200x103 

0.5mm( Ans) 

 

Example–3 

Acylindricalvessel2mlongand500mmdiawith10mmthickplatesinsubjectedtoaninternal pressureof 

3MPa, calculate the change in volumeof the vessel. 

E=200GPa,=0.3 

Datagiven 

L=2x103mm d 

= 500 mm 

t=10mm 

P=3MPa 

E=200x103N/mm2 

 Pd 
1
) 

 (  
22tE2 

 
3x500 

2x10x200x103
 

0.075x103
 

(
1
0.3)2 

V


d2L


x5002x2x1034 

4 

392.2x106mm3
 

ChangeinVolume 

=V(21-2) 

=392.7(2x.32x103+.075x10-3) 

=185x10-3mm3 

ε


PdL1 









 

 

CHAPATER.3.0  
TWODIMENSIONSTRESSSYSTEMS 

3.1Determinationofnormalstress,shearstressandresultantstressonobliqueplane. 

In many instances,however,bothdirect and shear stressesarebrought intoplay,and the 

resultants stress across anysection will be neithernormal nor tangential to the plane. 

If Istheresultantsstressmakingananglewiththenormaltotheplaneonwhichofacts. 

C 
 
 
 
 

 

 
 
 

 

tan



r


Fig3.1 

 
 

 

A B 

Fig3.2 

Stresson obliqueplane 

 
C 

 
 
 
 

 

A B A 

Fig3.4 Fig3.5 
AB.t

 

Fig3.3 
 

 
Theproblemistofindthestressacting onanyplaneACat an angletoAB.Thisstress will notbe 

normaltotheplane,andmayberesolved intotwocomponentsand. 

AsperFigure3.4showthestressesactingonthethreeplanesofthetriangularprismABC. 

Therecanbe no stressontheplaneBC, whichisalongitudinalplane of the bar,thestressmust be up the 

plane for equilibrium. 

Figure3.5showstheforcesactingontheprism,takingathicknesstperpendicularthefigure. The 

equations of equilibriumresolve in thedirection of. 

.AC.tAB.tCos

(AB
)C osAC 

Cos2

AC.t
C

 

AC.t 

B 

2 2
 



C 

A B 



2


2






Resolveinthedirection 

.AC.tAB.tSin

(AB
)Sin
 AC 

Cos2.Sin


1
Sin22 

r

Cos4Cos2.Sin2

rCos

Itisseenthatmaximumshearstressisequaltoone-halftheappliedstressandactson 

planesat 450toit. 

PureShear 

As the figures will always be right-angled triangles there will be no loss of generality by 

assumingthehypotenusetobeofunitlength.Bymakinguseofthesespecification itwillbefound 

thattheareaonwhichthestressesactareproportionalto1(forAC),Sin(forBC)andSin(forAB) and future 

figures will showthe forcesacting on such an element. 

 
 
 

 
Sin







Cos

Let tue act on a plane AB and there is an equal complementary shear stress on plane BC. 

Theaimistofind&actingonACataangletoAB. 

Resolvinginthedirectionof

x1(Cos)Sin(Sin).Cos

Sin2


Resolvinginthedirectionof



1(Sin)Sin(Cos).Cos

Cos2(45)downtoplane 

r at2to


PureNormalstressesongiveplanes 

 

 
A 

 
 
 
 
 
 

 
C 

 
XSin





B 

 
LettheknownstressesbeX onBCand YonAB,thentheforcesontheelementare proportional to 

those shown. 

(2


2)

 C 

2

A 


B 





YCos



2 2 

 

 
Resolvinginthedirectionof 





Resolvinginthedirectionof

YCosSinXSinCos




GeneraltwodimensionalStresssystem 
 
 
 

 

XSin




A 

 

 
Resolvinginthedirectionof



YCosCosXSinSinCosSinSinCos

(1Cos2) (1Cos2) Sin2
Y 2 X 

2
 


1
()



1 
( )CosSin

2
 

Y X 2 Y X 

 

 

Resolvinginthedirectionof



YCosSinXSinCos
 CosCosSinSin


1
(  )Sin2Cos2
 2 Y X 

 

 

Example–1 

If the stresson two perpendicularplanes througha pointare60 N/mm2 tension,40 N/mm2 

compression and 30 N/mm2 shear find the stresscomponents and resultant stresson a planeat 

600to that of the tensile stresses. 

 

 

 in600 

 
 
 
 
 
 
 

 
30Cos600 

40S 

 
30Sin600 

600 

30Cos600 

 C 

Sin



Cos
B 

YCos

σθ σCosθ2σSinθ
2 

Y X 



2 2 

 

 
Resolving 

 

60Cos600.Cos60040Sin600.Sin60030Cos600Sin60030Sin600Cos600 

 
11 3 3 1 3 3 1 

60xx40 x x 
2 2 2 2 

15307.537.5 

2 2
30x30x x 

 

and 

60Cos600.Sin60040Sin600.Cos60030Cos600Cos60030Sin600Sin600 

1531037.522.5 

58.3N/ mm2 

r(11258.32)59.3N/mm2at 

angletothe 

tan158.3
80015011 

 
(200tothe60 N/mm2) 

 
 
 
 

 
Principal Planes 

Fromequation 


1

( )Sin2Cos2
 2 Y X 

 

There are values of0 for which is zero and the planeon whichthe shearcomponent is 

zero are called principal planes. 

Fromequation above. 
 

tan2 
  2
 

(YX) 

 

(when 0) 

Thisgivestwo valuesof 2differingby 1800andhencetwovaluesofdiffering by 900i.e.the principle 

planesare two planes at right angles. 
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Sin2
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 (YX)242
 

2

(YX) 

Cos2 
 YX 

 

(YX)242
 

11N/mm2 

58.3 

r 



3 



(Y)242
 

X 1 

 

 
PrincipalStresses 

Thestressesontheprincipalplaneswillbepurenormal(tensionorcompression)andtheir values are 
called the principal stresses. 

Weknow, 


1
()

1
()xCos2Sin2






2 Y X 2 Y X 

Principalstresses
1

 

1 ()2 
Y X 

x() 2 
2 Y X 

 
.2


1
(  )

2 Y X 

2 2 

[( )4] 

1
(YX)
2 

Shortermethodforprincipalstresses 

XSin

A 
 

 
Let AC be a principal plane and theprincipalstressactingonitX ,yandaretheknown 

stress on planes BC andAB as before. 

ResolveinthedirectionofX 

Sin=XSin+ Cos

or x Cos......(1) 

Resolveinthedirectionofy 

CosyCosSin

or ytan ......................... (2) 

Multiplycorrespondingsidesofequations(1)and(2)i.e. 

() x()y
2 

or2(x)y2x0Syolvingax2bx 

c1 

x1bb24ca 

2a 

Here 

 


1 1 
2
 

or()
2 x y 

Thevalues of 0forthe principal planesareof course found bysubstitution of theprincipal 

stresses values in equation (1) & (2). 

C 

Sin



Cos 
B

 

yCos

()242
2 

x y 

()X
24 2 

Y 

2 Y X 

( YX)242
 

1 

2 
()242

 
Y X 

(x)y(x)
24y4

2 
x y 





 

 
Maximumshearstress 

 
 
 

1Sin



A 

 

2Cos

Let AB and BC be the principal planes and 1and 2theprincipalstresses. 

Then resolve 

2Cos.Sin1Sin.Cos(


1

)Sin2
2 2 1 

 

 

Hencethemaximumshearstressoccurswhen20=900i.e.onplanesat450totheprincipal planes and 

its magnitude is 

 
1
() 

max 2 2 1 

 

 
Inwords:Themaximumshearstressisone-halfthealgebraicdifferencebetweentheprincipal 

stresses. 

Example–2 

At a section in abeam the tensile stress due to bending is 50 N/mm2and there is a shear 

stress of 20 N/mm2. Determine from first principles the magnitude and direction of the principal 

stresses and calculate the maximum shear stress. 

Solution C 
 

50N/mm2xSin









ResolveinthedirectionAB: 

Sin50Sin20Cos

5020cot ..................... (1) 

ResolveinthedirectionBC: 

Cos20Sin ................... (2) 

20tan



A 


20N/mm2xCos

20N/mm2xSin

B 

Multiplyingcorrespondingsidesofequations(i)and(ii) 

(50)202 

2504000 


5010(2516) 

2 
5064

57or7 

2 

1 

2 
[()242] x y 

C 


 B 



A 

thethirdbeingzero. 



θ 

θ 

1 

90

 B 

2 

/ 
 / 



R 

L N/ 2

O N 

1 

2 

R/ 

 

 
i.e.theprincipalstressesare57N/mm2tension,7N/mm2compression, 

tan  
57

or
7

 

20 20 20 

Giving0=700and1600,beingthedirectionsoftheprincipalplanes. 

Max shearstress= 


1

() 

2 2 1 

1 

[57(7)]2 

32N/mm2
 

andtheplanesofmaximumshearareat450tobeprincipleplanesi.e.0=250and1150.(Ans) 

Maximumshear stressusingMohr’sCircle 

C 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

 

The stress circle will be developed to find the stress components on any plane AC which 

makesan anglewithAB. 

 
 
 
 

 
P M 

 
 
 
 
 

 
Construction 

MarkoffPL=1andPM=2(positivedirectiontotheright).Itisshownherefor21, but this is not a 

necessary condition. On LMas diameter describesa circle center O. 

Then the radius OL represents the plane of 1 (BC) and OM represents the plane of 2(AB) 

planeACis obtained by rotating. AB through anticlockwise, andif OM onthe stress circleis rotated 

through2inthesamedirection,theradiusORinobtainedwhichwillbeshowntorepresenttheplane AC. 

ORcouldequallywillbeobtainedbyrotatingOLclockwisethrough1800-2,correspondingto rotating BC 

clockwise through 900-. 



R 

2

O N 

P 

(2


2
) 

 

 
DrawRN rtoPM 

ThenPN=PO+ON 


1

()(
1
)Cos2



2


1 2 2 2 1 


(1Cos2)


 (1Cos2)2 

2 

1Sin22Cos2),thenormalstresscomponentonAC 
1 2 θ 

 
 

 

andRN
1
()Sin2

2 2 1 

θ,theshearstresscomponent on AC 

Alsotheresultantstress 

r PR 

 

AnditsinclinationtothenormaloftheplaneisgivenRPN 
 

isfoundtobeatensilestressandisconsideredpositiveifRisabovePM, 

ThestressesontheplaneAD,atrightanglesforAC,areobtainedfromtheradiusOR/,at 

1800toOR 

i.e.1PN1,1R1N1
 

 



and
1
butofoppositetype,tendingtogiveananticlockwiserotation. 

ThemaximumshearstressoccurswhenRN=OR,i.e.=450andisequalinmagnitudetoOR 

()ThemaximumvalueofisobtainedwhenPRisatangenttothestresscircle. 

2
2 1 

Twoparticularcaseswhich havepreviouslybeentreatedanalyticallywillbe dealtwithbythis 
method. 

1. Pure compression 

IF isthecompressivestress theotherprincipalstressiszero. 
 
 
 
 
 

 
L M 

 

A 
 

 
PL= numerically,measuredtotheleftforcompression,PM=0 

Hence,OR
1




2 

PN,Compressive 

PN,Positive 

MaximumshearstressOR 1

2 
occuringwhen450. 

C 


 B 

1 



P 

R 

P/ 2

O N 

 

 
2. Principalstressesequaltensionandcompression 

 
 
 

 
L M 

 
A 

PM =  totheright 

PL = to the left 

HereOcoincideswithP 

PN,istensilefor 

between450,compressivefor 

between450and1350
 

RN,when450
 

reachmaximum,onplaneswhenthenormalstressiszero(Pureshear) 

Example-3 

A piece of materials is subjected to two compressive stresses at right angles, their values 

being40N/mm2and60N/mm2.Findthepositionoftheplaneacrosswhichtheresultantstressin most 

inclined to the normal anddetermine the value of this resultant stress. 

Solution 

 

160N/mm2(Compressure) 

240N/mm2(Compressure) 

Inthefigure,theangleisinclinedtotheplaneof the40tonsN/m2compression. 
 
 

 
60 L 

 
A 

 
40 

In above figure PL =60, PM=40, The maximum angle is obtained when PR is a tangent tot he 

stress circle. 

 

OR=10,PO =50 

ThenSin1111030/ 

5 

rPR

290

39015/ 

 
 
 

 

49N /mm2 

whichgivestheplanerequired 

(502102)

R 

2 

O M 

C 


 B 

C 



B 
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N/ 
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2
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Example-4 

At a point in a piece of elastic material there are three mutually perpendicular planes on 

which the stresses are as follows : tensile stress 50 N/mm2, shear stress 40 N/mm2 on plane, 

compressive stress35 N/mm2and complementary shear stress 40 N/mm2 on the secondplane, 

nostressonthethird plane.Find(a)theprincipalstressesandthepositionsoftheplaneonwhich theyact 

(b)theposition of the planes on which there is no normal stress. 

Solution 

MarkoffPN=50,NR= 40 

PN/=-35,N/R/=-40 

JoinRR/,CuttingNN/at0,DrawcirclecentreO,radiusOR 
 
 
 

 
L M 

 
 
 
 

 

1 
ThenON= NN/ 

2 

= 42.5 

 

OR 42.5240258.4PO 

PNON7.5 

(a) ThePrincipalstressesare 

PM=PO+OM=6.5N/mm2(tensile) 

PL=OL-OP=50.9 N/mm2(compressure) 

or,2 =tan-1
40

43020/
42.5 

21040/
 

 
(b) Ifthereisnonormalstress,thenforthatplaneNandPcoincidesand 

 

2=180Cos
/
 

2=97024
/
 

7.5 
 

 

58.4 

48042
/
totheprincipalplane 

50.9 

50 
40 

21040
/
 

8020/
 

65.9 

35 

40 



 
(1) 

 
(2) 

 
(3) 

 

 

CHAPTER4.0  
SHEARFORCE&BENDINGMOMENT 

–Typesofbeamandload Beam 

Astructuralmemberwhichisacteduponbyasystemofexternalloadsatrightanglestoits axis is 

known as beam. 

TypesofBeam 

1. Cantileverbeam 

2. Simply supportedbeam 

3. Overhangingbeam 

4. Rigidityfixedorbuiltinbeams 

5. Contimousbeam 

W 

(1) 
 

(4) 
(3) 

 

 
(5) 

Typesofload 

1. Concentratedorpoint load 

2. Uniformlydistributedload 

3. Uniformlyvaryingload 
 

 

Conceptsofshareforceandbendingmoment 

Shear force 

Theshearingforceatanysectionofbeamrepresentsthetendencyfortheportionofbeamto one 

sideof the sectionof slideorshearlaterallyrelative to theotherportion. 

 
A 

 
A 

R2 

TheresultantoftheloadsandreactionstotheleftofAisverticallyupwardsandthesincethe 

wholebecameisinequilibrium,theresultantoftheforcestotherightofAAmustalsobeF acting down 

ward. F is called the shearing force. 

W3 

W 

(2) 

W W W 

W1 F W2 

R1 



 

 
Definition 

Theshearingforceatanysectionofabeamisthealgebraicsumofthelateralcomponentof the 

forces on either side of the section. 

Shearingforcewillbeconsideredpositivewhentheresultantoftheforcestotheleftisupwards or to 

the right in downward. 

Ashearforcediagramisonewhichshowsthevariationofshearingforcealongthelengthof 

thebeam. 

ConceptsofBendingMoment 

InasmallmanneritcanbearguedthatifthemomentaboutthesectionAAoftheforcestothe left is M 

clockwise then the moment of the forces to the right of AA must be anticlockwise. M is called the 

bending moment. 

W3 

A 

 
A 

R2 

 

Definition 

Thealgebraicsumofthemomentsaboutthesectionofalltheforcesactingonothersideof 

thesection. 

Bending moment will be considered positive when the moment on the left of section is 

clockwise and on the right portion anticlockwise. This is referred as sagging the beam because 

concaveupwards.NegativeB.Mistermedashogging.ABMDisone which showsthe variation of 

bending moment along the length of the beam. 

Shearforceandbendingmomentdiagramanditssilentfeatures. 

i. Illustrationincantileverbeam 

ii. Illustrationinsimplysupportedbeam 

iii. Illustrationinoverhangbeam 

Carrying point load and u.d.L. 

Concentratedloads 

Example -1 

A cantilever of length L carries a concentrated load W at its free end, draw the SF & BM 

diagram. WL 

L 

 
x 

W 

F 

 
SFD 

 
M BMD WL 

W1 

W2 

R1 



3m 

30KN 

4m 

10m 

50KN 
3m 

36 

6 

 

 
Solution 

Atasectionadistancexfromthefreeend,considertheforcestotheleft. 

ThenF=–W,andinconstantalongthewholebeamforallvaluesofx.Takingmoments about 

the section given M = --Wx 

Ax=0,M=0,At–x=L,M=–WL 

AtendfromequilibriumconditionthefixingmomentisWLandreactionsW. 

Example–2 

Abeam10mlong issimplysupported at itsendsand carries concentrated loadsof 30 KN and 

50 KN at distance of 3mfrom each and. Drawthe SF & BMdiagram. 
 

 
R R 

1 2 

 
 
 
 
 
 
 
 

 
Solution 

FirstcalculateR1andR2atsupport R1 

x 10 = 30 x 7 + 50 x 3 

=R1=36KN 

andR2=30+50–36=44KN 

Letxbethedistanceofthesectionfromthelefthandend. 

Shearingforce 

O<x<3m, F=36KN 

3 <x<7,F=36-30=6KN 

7<x<10, F=36-30-50=-44KN. 

Bendingmoment 

0<X,3M=R1X=36xKNM 

3<X,7, M=R1X –30(X-3)=6X+90KNM 

Kx<10,7,M=R1 X – 30(X-3)–50(X-7)=44X+440KNM 

PrincipalvaluesofMare 

at X = 3m, m = 108 KNM 

at x = 7m, M = 132 KNM 

at x = 10, M = 0. 



W1 W2 W3 

A C 

over 
hang 

supported 

Span 

D 

over 
hang 

B 

 

 

CHAPTER4 
 

 
Introduction 

 
BENDINGMOMENT&SHEARFORCE 

Whenanystructureisloaded,stressesareinducedinthevariouspartsofthestructureand in order 

to calculate the stresses, where the structure is supported at a number of points, the bending 

moments and shearing forces acting must also be calculated. 

Definitions 

Beam-Beam is structural member which is acted upon by a system of external loads at 

right angles to the axis. 

Bending-Bendingimpliesdeformationofabarproducedbyloads perpendiculartoitsaxis as well 

as forcecouplesacting inaplane passing through theaxisof the bar. 

Planebending-Iftheplaneofloadingpassesthroughoneoftheprincipalcentroidalaxesof the 

cross sectionof the beam, the bending issaid to be plane. 

Pointload-Apointloadorconcentratedloadisonewhichisconsideredtoactatapoint. 

Distributed load -A distributed load isone whichis distributedor spread in some manner 

overthelengthofthebeam.Ifthespreadisuniform,itissaidtobeuniformlydistributedload.Ifthe spread 

isnotat uniformrate, itis saidtobenon-uniformly distributed load. 

CLASSIFICATIONOFBEAMS 

1. Cantilever–Acantileverisabeamwhoseoneendisfixedandtheotherendfree.Fig.4.1 

showsacantileverwitharigidityfixedintoitssupportandtheotherendBfree.Thelengthbetween A& B 

isknown as the length of cantilever. 

B 
A 

Cantilever 

Fig4.1 

 
2. Simply supported beam –A simply supported beam is one whose ends freely rest on 

walls or columns or knife edges. 

 
A B 

 
Simplysupportedbeam 

Fig. 4.2 

3. Overhangingbeam–Anoverhangingbeamisoneinwhichthesupportsarenotsituated 

attheendsi.e.oneorboththeendsprojectbeyondthesupports.InFig.4.3C&Daretwosupports andboth 

theendsAand Bof the beamareoverhanging beyond the supportsC& Drespectively. 

W1 W2 W
3
 

 
 
 

 
Fig. 4.3 

4. Fixed beam–Afixed beam is one whose both ends are rigidly fixed or built in into its 

supporting walls or columns. 

 

 
Fig. 4.4 

W1 W2 

 

Fixedbeam 



W1 W2 W3 

Q 

 

 
5. Continuous beam –A continuous beam is one which has more than two supports. The 

supportsattheextremeleftandrightarecalledtheendsupportsandalltheothersupports,except the 

extreme, are called intermediate supports. 

 

 
A B 

 
Continuousbeam 

Fig. 4.5 

 

SHEARFORCE 

Ingeneralifwehavetocalculatetheshearforceata sectionthe followingproceduremaybe 

adopted. 

(i) Considertheleftortherightpartofthesection. 

(ii) Addtheforcesnormaltothememberonone oftheparts. 

Iftherightpartofthesectionischosen,aforceontherightpartactingdownwardsispositive while a 

force on the right part acting upwards is negative. For instance, if the shear force at a 

sectionxofabeamisrequiredandiftherightpartxBbeconsideredtheforcesP&arepositive while the 

force R is negative. S.F. at X = P+ Q-R 
 

P Q 

 

X B A 

W1 
W2 

 

X 

Section R 

Fig.4.6 

Section 

Iftheleftpartofthesectionbechosen,aforceontheleftpartactingupwardsispositiveand 

aforceontheleftpartdownwardsisnegative.Forinstance,iftheshear forceatXofabeam is 

requiredandifXAistheleftpart,theforceQispositivewhiletheforcesW1&W2arenegative. 

 
S.FatX=Q-W1-W2 

BENDINGMOMENT 

Tofindthebendingmomentatasectionofabeamthefollowingproceduremaybeadopted. 

(i) Considertheleftorrightpartofthesection. 

(ii) Removeallrestraintsandallforcesonthepartselected 

(iii) Now introduce each force or reacting element one at a time and find its effect at the 

section (i.e. find whether the moment produces ahogging or saggingeffect at the section). Treat 

sagging momentsas positive and hogging moments as negative. 

Note that the momentdue to every downward force is negative and moment due to every 

upward force is positive. 

Shearforceandbendingmomentdiagrams. 





L 

(--) 

W/unitrunX 
A B 

L 

WL 

W

A
S.F.Diagram 

B 

 

 
A. CANTILEVER 

(i) CantileveroflengthLcarryingaconcentratedloadWatthefreeend. 

W 

A B 

W 
 

A B 
S.F.Diagram 

A B 

 

WL  
Fig.4.7 

Fig.4.7showsacantileverABfixedatAandfreeatBandCarryingtheloadWatthefreeandB. 

Considera section x at a distance of xfrom the free end. 

S.FatX=S=+W 

B.MatX=M=-W

Hence,wefindthattheS.F.isconstantatallsectionsofthememberbetweenA&B.But the 

B. Matanysectionisproportionaltothedistanceofthesectionfromthefreeend. 
 

 
 

 
At=0i.e.atB,B.M =0At 

=Li.e.atA,B.M=WL 

Fig.4.7showstheS.F.andB.Mdiagrams. 

(ii) CantileveroflengthLcarryingauniformlydistributedloadofWperunitrunoverthewhole length. 

 
A 

 

 
(WL+W) 

W/unit run 
B 

X 







W 

 
A X B 

S.F.Diagram 
 
 
 

 

WL2 

A 
(--) 

X B 

 

iagram 

(2 
WL)

B.MD 
Fig.4.9 

Fig4.8showsacantileverABfixedatAandfreeatBcarryingauniformlydistributedloadof W 

perunit run over the whole span. 

X 
A 

B 

(--) 
W

2 

WL2

2 
iagram 

2 

B.MD
 

Fig.4.8 



W/unitrun 
D 

a 

L 

Wa 

. =-W. 

2 

 

 
ConsideranysectionXdistantfromtheendB. 

S.FatX=S=+W,B.MatX=M=-W 
χ χ

2

 
2 2 

Hencewefindthatthevariationoftheshearforceisaccordingtoalinerlawwhilethevariation of the 
bending moment is according to a parabolic Law. 

At=0,S=0M=0 
 

WL2 

At=L,S=+WL,M= 2 

(iii) CantileveroflengthLcarryingauniformlydistributedloadofWperunitrunoverthewhole length 

and a concentrated load W atthe freeend. 

 
A B 

 
 

 
Wa 

 
 
 

 
D B 

A 
 
 
 
 

Fig.4.10 

Fig.4.10ShowsacantileverABfixedatAandfree atBandcarryingtheload systemmentioned 

above.ConsideranysectionXdistantfromtheendB.TheS.FandtheB.MatthesectionXare respectively 

given by 

At=0,S=+W,M=( 

 
At=0,S=+W,M=0 

2 

 ) 

 
 WL
2 

At=L,S=+(WL+W),M=(
WL2

WL)  

S.F.variesfollowingalinerlawwhileB.MvariesfollowingaparabolicLaw. 

(iv) cantileveroflengthLcarryingauniformlydistributedloadofWperunitrunforadistance a from 

the free end. 

Fig.4.10showsacantileverABfixedatAandfreeatBandcarryingtheloadsystemmentioned 

above. 

ConsideranysectionbetweenDandBdistantfromthefreeendB. 
 

S.FandB.MatthesectionaregivenbyS=+W,M=
W

2

 

2 

Theaboverelationsholdgoodforallvaluesofxbetween=0and=a(i.e.betweenB&D) 

Henceforthisrangethe S.F.variesfollowingalinearLawwhiletheB.Mvariesfollowinga 

parabolicLaw. 

At=0,S=0M=0 

(--) 

A D B 

W 



 

 

 

At=a,S=+WaandM=
Wa2

 

NowconsideranysectionbetweenD&A, distantfromtheendB.The 

S.F&B.Matthissectionaregivenby 

S=+WaandM=Wa(
a

)  
2 

HencebetweenA&D,S.F.isconstantat+WabbuttheB.Mvariesaccordingtoalinearlaw. At= a, 

M= -Wa(a 
a 
=Wa

2
 

)
 

 

At=L,M=-Wa(L
a 2 2

 

) 
2 

Problem 

Fig.showsacantileversubjectedtoasystemofloads.DrawS.F&B.Mdiagrams. 

Solution–AtanysectionbetweenD&E,distantxfromE. 

S.F=S+500kg 400kg 300kg 800kg 500kg 

B.M=M=-500At 

 
=0,M=0 

0.5m 0.5m 
A 

B 

0.5m m 

C D 
E 

2m 
2000kg 1600kg 

At =0.5m,M=-500x0.5=-250kg.m 1300kg 

AtanysectionbetweenC&D,distantfromE, 

 
500kg 

 

S.F=S=+500+800=+1300Kg 

A 
B C D E

 

S.F.Diagram 

B.M=M=-500x–800(x-0.5)=-1300x+400 
A 

At=0.5,M=-1300x0.5+400=-250Kg.m 

At=1M,M=-1300+400=-900Kg.m 

B C D E 

 
250kg 

1700kg900kg 

 
AtanysectionbetweenB&E,distantxfrom E 

S.F=S=+500+800+300=1600Kg 

2700kg 
B.MDiagram 

 
Fig.4.11 

B.M=M=-500x–800(x-0.5)–300(x-1)Kg.M=-1600x+700Kg.m 

At=1m,M=-1600+700=-900Kg.m 

At=1.5m,M=-1600x1.5+700=-1700Kg.m 

 
AtanysectionbetweenA&Bdistantxfrom E. 

S.F=S=+500+800+300+400=2000Kg 

B.M=M= -500x -800(x-0.5)-300 (x-1) –400 (x-1.5)= -200x+ 1300Kg.m 

At=1.5m,M=-2000x1.5+1300=-1700Kg.mAt 

=2m,M=-2000x2+1300=-2700Kg.m 

Beamsfreelysupportedatthetwoends. 

2 



span. 

L/2 L/2 

C 

C 

a b 

Wb L 
D 

a 

 

 
(i) SimplysupportedbeamofspanLcarryingaconcentratedloadatmid 

Fig4.12showsabeamABsimplysupportedattheendsA&B.Letthespanofthebeambe L and let 

the beam carry a concentrated load W at mid span. 

Sincetheloadissymmetricallyplacedon thespan,reactiononthe span, reactionateach w W 
support=2 

R R
w A B

 
 

 

A B 2 
R 

ForanysectionbetweenA&CS.FS
2 

 a 2 

ForanysectionbetweenC&BSF=S.FS
w

 

w
2 A 

w 
Rb 2

 

 

 

B 

AtthesectionCtheS.Fchangesfrom to 
2 2 

At any section betweenA&C distant from the endA, the 
bending moment is given by, 

M=
w
(saggingmoment)2 

At=0
L
, M=0 

S.F.Diagram  
2 

 

WL C 

At= ,M
=

WL 
 

 

2 
a 

4 
B.MDiagram 

WL Fig.4.12 

HencetheB.MincreaseduniformlyfromzeroatAto atC. 
4 

SimilarlytheB.Mdecreasesuniformlyfrom
WL

atCtozeroatB.Maximumbendingmoment 
4 

occursatmidspani.e.atCwheretheS.Fchangesitssign. 

(ii) Simplysupportedbeamcarryingaconcentratedloadplacedeccentricallyonthespan. 

Fig.4.13showsasimplysupportedbeamABofspanLcarryingaconcentratedloadWatD eccentrically 

on the span. 

LetAD=a&DB=b W 

LetRa&RbbetheverticalreactionsatA&B 
A B 

Forequilibriumofthebeam, 
Wa 

R  R  

TakingmomentsoftheforcesonthebeamaboutA, a L b L 

wehave Wb 
 

RbWa A  B
 

R
Wa S.F.Diagram Wa 

b L 

Rb
W

R
Wb

 
L 

WaW(La) 
   

L L 

 

Wab 
L
 

 
 

 
A C B 

Sincea+b=LforanysectionbetweenAandD 

theshearforce=S=Va=+
Wb

 

L 

B.M.Diagram 

Fig.4.13 

L 

2 

A B 

L  
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WL 

2 

S.F.Diagram 

A 
C 

B 

WL 

2 

 

 

ForanysectionbetweenD&B,theshearforce=S=Rb 
WbL 

At anysection betweenA& Ddistant x fromA, thebending moment isgiven by 

M=+Wb
(sagging)L 

At=0,M=0 

At=0,M=
Wab

 
 

L 

HencetheB.MincreasesuniformlyfromzeroattheleftendAto
Wab

atD.SimilarlytheB.M 
L 

willdecrease uniformlyfromWabatDtozeroattherightendB. L 

Itmay beobservedfrom theS.F andB.M diagrams thatthemaximumB.M occurs atD where 

the S.F. changes its sign. 

(iii) Simplysupportedbeamcarryinga 

number of concentrated loads. 
Fig.4.14showsasimplysupportedbeam 

4KN 10KN 7KN 

1.5m 2.5m 2m 2m 
A B 

C D E 

ABofspan8meters carryingconcentrated loads a
R 10KN 

8m 
bR 11KN 

of4KN,10KN&7KNatdistancesof1.5meters, 4 

meters & 6 meters from the left support. 

S.FbetweenC&D=+10–4=+6KN 

S.Fbetween D&E=+10–4 –10=– 4KN 

S.FbetweenE&B=+10–4–10–7=–11KN 

B.MatA=0 

B.MatC=+10 x1.5=+15KNm(Sagging) 

10KN 
 
 
 
 
 

 

11KN 11KN 

B.MatD= +10x4–4x2.5=+30KNm A C D E B 

(Sagging) 

B.MatE=+11x2=+22KNM(Sagging) 

It may be observed from the S.F & B.M 

diagramsthatthemaximumB.MoccursatDwhere the 

S.F changes its sign. 

(iv) Simply supported beam carrying a 

uniformly distributed load of W per unit run over 

the whole span. 

Fig. 4.15 shows a simply supported beam 

AB of span L carrying a uniformly distributed load 

W per unit run over the whole span. Let Ra & Rb 

be the vertical reactions at the supports A & B 

respectively. 

Sincethe loadingissymmetricalonthespan, 
eachverticalreactionequalshalfthetotalloadon 

B.M.Diagram 

Fig.4.14 

 
W/unitrun 

 

 
 
 
 
 
 
 

 

A C B 

thespan. Fig.4.15 
B.M.Diagram 
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R
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15KNm 30KNm 

22KNm 

6KN 

A C D 

S.F.Diagram 

E 
B 

4KN 
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RR 


WL 

a b 2 
 

ConsideranysectionXdistantfromtheleftendA. 

S.F&B.MatthesectionXaregiven by 

W
WL

W

SRa 
2
 

W2 WL W2
 

MRa     
2 2 2 

M
W

(L)2At0,S
 0 

,M 

AtL,S
WL

WL
2


WL 
0 

,M 
2 2 

L WL WL WLL L WL2 
At,S   0&M  .(L)



2 2 2 22 2 8 

 

TheS.Fdiagramisastraightline.TheS.Funiformlychangesfrom
WL

AtAto
WL

AtB& 
2 2 

obviouslythatS.FatMidspaniszero. 

TheB.Mdiagramisaparabola.TheB.Mincreasesaccordingtoaparaboliclawfromzeroat 

Ato
WL

2

 

2 
atthemidspanCandfromthisvaluetheB.M decreasestozeroatBfollowingthe 

paraboliclaw. 

(v) Beam with overhanging at one end and carrying a uniformly distributed load over the 

wholelength. 

Fig.4.16showsasimplysupportedbeamABCwithsupportsatA&B,6metersapartwithon over 

hang BC 2 meters long. 

LetRa&Rb
betheverticalreactionsatA&B.Fortheequilibriumofthebeam,takingmoments 

aboutA, 

wehaveRax6=1.5x8x4 

Rb=8tones 

Ra=1.5x8-8=4tones 

S.Fattheleftend= +4t 

S.FjustonthelefthandsideofB=+4-1.5x6=-5t 

S.F.justontherighthandsideofB=+1.5x2=3t 

S.FatC=0 

1.5t/m 

A 
 

 
Ra 4t b 

 
4t 3t 

 
D 

A B C 

S.F.Diagram 5t 
5.33tm 

LetS.FbezeroatmetersfromA, 

equating the S.F to zero, 

 
A 5.33m 

D 

O B 

C 

3tm 

wegetS=4-1.5=0 
8
2.67m 

3 

B.M.Diagram 

Fig.4.16 

B 

R 8t 



 

 
B.MatA=0,AtanysectioninABdistantxfromAtheB.Misgiven by 

 
M=4 –1.5

X
2

 
 

2 

HencetheB.Mdiagramisparabolic 

B.Mat
8
 

 
MBM 4x

8


1.5
(
8
)2




16 
5.33tm 

 

3 max 3 23 3 

B.Mat6mi.e.atB4x6
1.5

x623tm 
 

2 

SectionatwhichtheB.MisZero 

Sinceat
8

theB.Mis+5.33tm&atx=6mtheB.Mis-3tmtheremustbeasectionwhere 

3 

the B.M is zero. This section can be determined by equating the general expression for B.Mto 

zero. i.e. by the equation 

41.5
2

0 
2 

(40.75)0 

0&
16

5.33m 

3 
16 

LettheB.Mbezero atO,AO= 
3 

ThepointOwheretheB.Miszerocalledthepointofcontraflexureorpointofinflexion. 

ForallsectionsfromAtoOtheB.MisofthesaggingtypewhileforallsectionsbetweenO& C the 

B.Misof the hogging type. 

(vi) Abeamoflength(L+2a)hassupportsLapartwithanoverhangaoneachside.Thebeam 

carries a concentrated load W at each end. Draw S.F & B.Mdiagram. 

LetDABCbethebeamoflength(L+2a).LetthesupportsbeatA&B, 

sothatDA=BC=a 
W W 

AB=L 

Eachverticalreaction=W 

Ra Rb=W 

S.F.atanysectionbetweenD&A=-W 

S.F.atanysectionbetweenB&C=+W 

S.F.atanysectionbetweenA&B=O 

 
RaW 

 

 
D 

 
RBW 

B.MatD= OB.MatA= -Wa S.F.Diagram 

AtanysectioninABdistantxfromDtheB.Misgivenby 
D

 

Mx=-Wx+W(x-a)=-Wa 

B.MatB=-WaB.MatC=O 

TheB.Mthroughoutthelengthisofthehoggingtype. 

 
C 

 
wa wa 

B.M.Diagram 

Fig.4.17 

A 
B C 

A B 

  A B D
   C 

a L a 

m 



r/ s/ 

p/ q/ 

 

 

CHAPTER5  
THEORYOFSIMPLEBENDING 

Whenabeamisloaded itisbentandsubjected tobending moments.Consequently, 

longitudinal or bending stresses are induced in cross section. 

Assumptionsin‘Theoryof bending’ 

1. Thematerialofthebeamisperfectlyhomogenous 

2. Thestressinducedisproportionaltothestrain&thestressshouldnotexceedtheelastic 

limit. 

3. Thevalueof modulesofelasticity(E)issame,forthefibresofthebeamundercompression 

ortension. 

4. The transverse section ofthe beam,which isplane before bending, remainsplane after 

bending. 

5. Thereisnoresultantpullorpushonthecrosssectionofthebeam 

6. Theloadsareappliedintheplaneofbending. 

7. The transverse section of the beam is symmetrical about a line passing through the 

centre of gravity in the plane of bending. 

8. The radius of curvature of the beam before bending is very large in comparison to the 

transverse dimensions. 

Asaresultofabendingmomentorcouple,alengthofbeamwilltakeupacurvedshapeand a 

veryshortlength maybe treatedas apart of the arcof circle.Itfollowsthat atthe outorradiithe 

materialwillbe intensionandattheinnerradiiincompression andatsome radiusthere willbe no stress. 

This layer of the materialis the neutral layeror neutralaxis. 

Fig5.1showsalongitudinalsectionofabeam,theneutrallayer(axis)N.A.beingbenttoform anarc 

ofa circle of radius R. Theneutral layer is then, before bending, the lengthpq, whichafter bending 

becomes p/q/. 

Consider some layer rs at a distance Y from pq which after bending becomes r /s/. Let 

p/q/subtendanangleatthecentreofcurvature. 

p/q/Randr/s/(Ry)

Initially the parallel layers would have equal lengths, so that Pq = rs and since there is no 

stress at the neutral layer,then there is no strain. 

p/q/pq 

 

Nowthestraininrs 
rsr/s/

butrspqpq//
 

rs 

 

Strain 
p/q/r/s/ N A

 

rs 

 
B u tp /q / Randr/s/(RY)

Stra in
R (RY 

)


Y  

R R 

O 

R 
 

 
 y  

Fig.5.1 
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E2 

 

 
Nowifthestressinrs= &young’smodulus=E 

thenstrain
Y

or



E ..................... 
(5.1)E 

 
 

 

R Y R 

Ifatransversesectionofthebeamisnowconsidered(Fig.5.2)letastripofareaa,lieata distance Y 

from the neutral axis. 

Then,thenormalforceonthisarea(a)
E

ya 

R 

E 
Nowthemomentofthisforceabouttheneutralaxisis yaxyor ya 

 

R R 

Thisistheresistingmomentofthematerialcausedbythestressproducedandthetotal 


E2 E 2 

resistingmomentis yaor ya 
R R 

 

Andy2aBthesecondmomentofareaabouttheneutralaxis, I 

 

Resisting momentM
E

xI 

R 

 

 

NA
. 

Butsincetheresistingmomentbalancestheappliedbendingmoment, E

 ME 
MxIor   

R I R 

But 
E


 

M
 







E 
 ...(5.2) 

R Y I Y R 

 
Where, 

M=moment ofresistance 

 
N  A 

 

I=Momentofinertiaofthesectionaboutneutralaxis(N.A.) E = 

Yong’s modulus of elasticity 

R=RadiusofCurvatureofN.A 

=Bendingstress 

Theaboveequationisknownasthe‘Bendingequation’. 

PositionofNeutralAxis 

 

 
Fig. 5.2 

Considerthecross-sectionofabeam(Fig.5.2),therewillbenoresultant forceonthesection for 

condition of equilibrium. 

Theforceactingonasmallareaaatadistance‘y’fromtheneutralaxisisgivenby 

 

SF.a
E

Y.a 

R 



d 

b 

  



 

 
Orthetotalforce normaltothesection, 

F
E
Y.aR 

Forzeroresultantforce,Y.a0 

NowY.aisthemomentofthesectionalareaabouttheneutralaxisandsincethismomentis zero, the 
axis must pass through the centreof area. 

Hencetheneutralaxisorneutrallayer,passesthroughthecentreofarea. 

SectionModules 

Referring tothebendingequation,M
 ,

MY 

I Y I 

or 
M

whereZsectionmodulus
I
 

 
 

Z Y 

Thesectionmodulusisusuallyquotedforallstandardsectionsandpracticallyisofgreater use. 
The strength of the beamsection depends mainly on the section modulus. 

Thesectionmoduliiofrectangularandcircularsectionsarecalculatedbelow. 

(i) Rectangularsection 

Fig.5.3showsarectangularsectionofwidthb&depthd. Let 

thehorizontal centroidal axis be neutral axis. 

Momentofinertiaabouttheneutralaxis 

SectionmodulusZ




Distanceofthemostdistantpointofthesectionfromtheneutral axis. 


I 
Y

max 

ButI
bd3

andY 
d
 

 
 

I2 

bd3 
 

 

Z I2
d 
2 

max 2 N A 
 

 

bd26 

 
1 2 

Momentofresistance,MZ





(ii) Hollowrectangularsection 

RefertoFig.5.4. 

x bd ..... (5.4) 
6 

Fig.5.3 

Momentofinertiaofthesectionabouttheneutralaxis. 

I
BD3

bd
3 1

(BD
3
bd3),Y 

D
 

12 12 2 max 2 D 

SectionmodulusZ 
I 

 
Y

max 

(BD3bd3) (BD3bd3)

 12  

 6D 



(BD3bd3)






B 

Fig. 5.4 

Momentofresistance,MZx  
 

 6D 



D 
2 



d 

d 




(iii) Circularsection 

RefertoFig5.5 

Momentofinertiaofthesectionabouttheneutralaxis. 

 

d4 d 

I
64

,Ymax 
2

 

SectionmodulusZ   
I 

Y
max 

d4 

N A 

d3 


d

64

2 

...(5.6) 
32 

d3 

Momentofresistance,MZx 
32 

 
 

(iv) Hollowcircular section 

RefertoFig5.6 

Momentofinertiaofthesectionabouttheneutralaxis. 

 

I (D4
d4),Y 

D
 

 

64 max2  

SectionmodulusZ   
I 

Y
max 

Fig.5.5 
 
 
 
 
 
 

 

N A 
 
 
 
 

D 

Fig. 5.6 
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d4) x
2

 (D4
d4) ...(5.7)  D32 D 

64 

Momentofresistance,MZx
 (D4

d4) 
 

32 D 

 
Example 

A250mm(depth)x150mm(width)rectangularbeamis subjected tomaximumbending moment 

of 750 KNm determine. 

(i) Themaximumstressinthebeam. 

(ii) IfthevalueofEforthebeammaterialis200 GN/m2. 

Findouttheradiusofcurvatureforthatportionofthebeamwherethebendingismaximum. 

(iii) The value of the longitudinal stress ata distance of 65mm fromthe top surface of the 

beam. 

Solution:RefertoFig5.7 

Width of the beam = b = 150 mm = 0.15m 

Depth of thebeam =d = 250 mm= 0.25m 

Maximum bending moment M=750KN.m 

65m 

 
60mm 

N 

 

 
A 

250mm 

Young’smodulusofelasticity,E=200GN/m2…. 150mm  
Fig. 5.7 



E 

 

 
(i) Maximumstressinthebeam: 

bd4 0.15x0.253 
4
 

MomentofinertiaI  0.0001953m 
12 12 

Distanceoftheneutralaxis(N.A)fromtopsurfceofthebeam 

Y
d


0.25
0.125m2 

2 
M 

usingtherelation  , 
I Y 

M.Y750x103 x0.125 
weget    

I 0.0001953 

4.8x108N/mm2480MN/m2 

Hencethemaximumstressinthebeam480MN/m2(Ans) 
 

 
(ii) Radiusofcurvature,R: 
UsingtherelationM 9

 

 EI200x10x0.0001953 
,R   

 

52.08m(Ans) 
I R M 750x103 

(iii) Longitudinal stress atadistanceof65mm from topsurfaceofthebeam,usingthe relation 

M  1 

I Y Y1 

MY 750x103x(60x103) 6 2 

weget1 1 x10 MN/mI 
0.0001953 

230.4MN/m2(Ans) 
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CHAPTER6.0  
STRUT 

Astructuralmembersubjectedtoanaxialcompressiveforceiscalledastrut. 

Column 

Itisaverticalstrutusedinbuildingorframe. Axial 

load on column 

Thecolumnfails by compressivestress. 

Theload,theleastvalueofPwhichwillcausethecolumntobuckle,anditiscalledtheEuler or 

crippling load. 

Thecolumninactualpracticeissubjectedtofollowingendconditions. 

(1) Bothendshinged 

(2) Bothendsfixed 

(3) Oneendisfixedandotherendhinged. 

(4) Oneendisfixedandotherendfree. 

Eccentricloadincolumns 

Eccentric load 

Aload whose line of action doesnot coincide with theaxisof a column is called eccentric 

load. P P 

 
 
 
 
 
 
 
 

 
Directstresses,bendingstresses,maximum&minimumstresses. 

 

e e 



ConsidertheabovecolumnABCDsubjectedtoaneccentricloadaboutoneaxis(Y-Y-axis) 

 
 
 

 
D 

 
 

 
Let P=Loadactingonthecolumn e 

= Eccentricity of the load 

b=Widthofthecolumnsection 

d=Thicknessofthecolumn 

NowAreof the section = bd 

d.b3
 

MomentofInertia,I= 
12

 

 
Modulusofsection,Z

db2 



12 

Directstress,0 
P

 

A 

Momentduetoload,M=p.e 

Bendingstressatanypointof columnsectionatadistanceyfromy-y-axis 


M

y
M
 

b I Z 

or 

aty
b

 

2 
M. 

 2
6M

 

 


6p.e


6p.e 

 

b db3 db3 db2 A.b 

2 

Totalstress=directstress+bendingstress 


P


M


P


6P.eA 

ZA Ab 

Problem 

Arectangularcolumn200mmwideand150mmthickiscarrying averticalloadof120KNat 

aneccentricityof50mminaplanebisectingthethicknessdeterminethemaximumandminimum 
intensitiesofstressinthesection. 

Solution 

120KN 
 

 
Elevation20

0 
A B 

150mm 

 
C 

 

 

Given 
min 

max 

b=200mm,d=150mm,p=120KN,e=50mm 

50 mm 

I d.b3 

 12 


y b 
12 

Plan 

b 



B 

M6 

P 

B 

L 

MA 

 

 
Maximumstress 

A=bxd=200x150=30,000mm2 

max
P1

6e
A b 

 3  6x50


120x10  

30,0001 200 
 

10N/mm210MPa(Ans) 

Minimum Stress 

min
P16e

A b 
 

3  6x50


120x10

1


30,000 200



2MPa(tension) 

Bucklingloadcomputation 

(1) Columnswithboth endshinged 
 
 

 
L 

 
 
 

 

(2) Columnswithoneendfixedandtheotherfree 
 

 

Cohers 
L
 

E–Youngsmodulus 

I=MomentofInertiaaboutYY-axis. 

(3) Columns with both ends fixed. A 

 M
6

L 

 
H 

(4) Columns withoneendfixedandtheotherhinged.A 
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B a 
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dr 
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C A 
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CHAPATER7.0 
 

 
Assumptionof 

pure torsion 

 
TORSION 

If a shaft is acted upon by a pure torque Tabout its polaraxis, shearstress will be set up in 

directionsperpendicular to the radius on alltransverse sections. This is called as the shaft under 

torsion. 

Followingassumptionsaremade. 

1. Thematerialoftheshaftisuniformthroughout 

2. Thetwistalongtheshaftisuniform. 

3. Normal cross sections of the shaft, which were plane and circular before the twist, 

remains plane and circular even after the twist. 

4. Alldiametersofthenormalcrosssectionwhichwerestraightbeforethetwist,remain 

straights with their magnitude unchanged, after the twist. 

Thetorsionequationforsolid shaft. 

Theseaboveassumptionisjustifiedbythesymmetryofthesection. 
 
 
 
 

 
O 

 
 

 

L d 

 

The lefthand figure showsthe shear strain ofelementsata distance rfrom the axis ( is 

constant far constant T), so that a line originally OA twists to OB, and AthCeBrelativeangleof 

twist of cross sections a distance L apart. 

 

ArcAB rL(approx) 

But


,whereGmodulusofrigidityGor 


r.

L 

r.

  

e
 G

or



G.

r L 

 
Thetorquecanbeequatedtothesumofthemomentsofthetangential stressesonthe element 2 rdr; 

r 
A 

B 



16D 

 
 

 

i.e.T(2rdr)ror,T 


G

.J  

L 

WhereJpolarmomentofinertial 

T


GJ 
 L 

T G

combing     
 

J r L 
D4 

for asolidshaft J  
32 

andthemaxstress 

 
16T

atr
D
 

max D3 
2
 

foraholloroshaft 

J


(D4d4)32 

and 16.D.T atr
D
 

max (D4d4) 2 

Torsionalstiffness,K
T


GJ
 

 L 

 

Comparisonbetweensolidandhollowshaftsubjectedtopure torsion. 

Example 

Comparetheweightsofequallengthsofhollowandsolidshafttotransmitagiventorquefor 

thesamemaximumshearstressiftheinsidediameteris
2
 

 

3 
oftheoutside. 

Solution 
 

 
T2JD3 

Nro,
 D 16 

for solidshaft 

T (D4d4) 

and

 1 forhollowshaft 

T D3 24

or 11 

 16  3 


65xD13 

81x16 

Equatingthesetwoshaft 

D3


65xD1316 

81x16 

D1D.3 1.075D 

 

 
D11.075D 

81/65 



1 

 

 
Ratioofweightsofequallengths 

 

(D2
d2)/D2

 

 2 4
(D1/d)1




9



5 2 

9
2x1.075 

0.642 

 
Problem 

A circular shaftof 50mm diameter is required to transmit torque fromone shaftto another 

findthesafetorque, whichthe shaftcantransmit.Ifthe40MPa 

Solution 
 

 

D50mm,max40MPaweknow 

T


xD316 




x40x50316 

0.982x106Nmm 

0.982KNm 
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